Preliminaries
In this section, we give a construction of some complexes. Let A be an arbitrary differential graded algebra in this section. Let Here (sA) q = A q+1 or A q according as 0 ≤ q or 0 < q, and ε i = deg(ω 1 , · · · , ω i ). We denote the totality of degree n elements by B(A) n . The coproduct H * (B(A)) → H * (B(A)) ⊗ H * (B(A)) is defined by
Chen proved the following theorem.
Theorem 3.1 (Chen [5] given by
Let F p B(A) be a filtration of B(A) such that Let us define the subcomplex of Hom(B(A), A ∨ ), Hom(B(A), A ∨ ), according to the Chen's normalization of the cyclic bar complex (see [4] or [8] ). We define Hom(B(A), A ∨ ) to be the set of elements in Hom(B(A), A ∨ ) which satisfy the following equations for any ω, ω i ∈ A >0 and f ∈ A 0 :
It can be easily seen that it is isomorphic to the dual of the normalized cyclic bar complex of A:
and Hom(B(A), A) = n Hom(B(A), A) n . Its boundary is defined by
We define Hom(B(A), A) to be the set of elements in Hom(B(A), A) which satisfy the following equations for any ω, ω i ∈ A >0 and f ∈ A 0 :
The cup product on Hom(B(A), A) is defined by A) ) becomes an algebra. This product can be induced on H * (Hom(B(A), A)).
The E 1 -term of their spectral sequences associated with the filtration F p B(A) can be calculated from the cohomology of A.
Proposition 3.2. There is an isomorphism of vector spaces
Proof. Let A be a differential graded subalgebra of A such that A p = A p for p > 1, A 0 = R and
There is an isomorphism of vector spaces
Therefore we obtain the proposition.
4 Proof of Theorem 1.1
We give the proof of theorem 1.1 in this section. There is a differential graded subalgebra of A, A, such that A 0 = R and H(A) ∼ = H(A) by the inclusion. Then we obtain the isomorphism of algebras
by proposition 3.2. Therefore it suffices to verify the theorem in the case A 0 = R. The following result is due to Chen.
Proof. We define ψ :
Let F p C * (LM ) be a filtration of C * (LM ) such that
Let {E r p,q } be the associated spectral sequence. Define a filtration of Hom(B(A), A ∨ ) by
It can be easily shown that ψ preserves the filtrations of C * (LM ) and Hom(B(A), A ∨ ). On E 2 -level, the map
is given by
Theorem 3.1 asserts that this is an isomorphism. Therefore we obtain the theorem.
Proof. We define a chain map P :
Define a filtration of Hom(B(A), A) by
The map P preserves those filtrations. On E 2 -level, the map
This is isomorphic and we obtain the lemma.
Proof of theorem 1.1. We can verify that H * (LM ) is isomorphic to H * (Hom(B(A), A)) as vector spaces by composing the maps in theorem 4.1 and lemma 4.2. We can also verify that there is an isomorphism of associative, commutative algebras. Indeed, the cup product of Hom(B(A), A) on E 2 -level
where g · h satisfies
Then the following theorem asserts that the loop product and the cup product coincide on E 2 -level. 
is the intersection product and gh is the Pontryagin product.
Therefore we obtain the theorem.
The conjugacy classes of fundamental groups
Let π denote a fundamental group of a smooth manifold M and J denote an augmentation ideal of the group ring of π, Rπ. Chen showed that the completion of the fundamental group with respect to the powers of its augmentation ideal is isomorphic to the dual of the 0-th cohomology of the bar complex of differential forms via iterated integrals [3] :
where A is a differential graded subalgebra of ΛM such that A 0 = R and H * (A) ∼ = H * (M ). Based on this work, we study iterated integrals on the free loop space of the non-simply-connected manifold. Letπ denote the set of conjugacy classes of π andJ p denote pr(J p ) where pr is the projection of Rπ onto Rπ. 
We give the proof of this theorem in this section. Let * be a fixed point in S
1 . In this section, let LM be a set of smooth maps from S 1 to M which are constant maps near * . Let Ω x M be a subspace of LM whose elements send * to x ∈ M . Let Diff(S 1 , * ) denote diffeomorphisms of S 1 which coincide with identity map near * . We define α, β : ∆ q → LM to be equivalent by a reparameterization iff there is a smooth map τ :
Let C * (LM ) be a chain complex having as a basis the totality of equivalence classes of smooth simplexes of LM . Let C * (Ω x M ) be a chain complex having as a basis the totality of equivalence classes of smooth simplexes of Ω x M . C * (Ω x M ) becomes a noncommutative associative algebra as follows. The product of σ 1 and σ 2 in C * (Ω x M ) is defined to be the path product or 0 according as degσ 1 +degσ 2 ≤ 1 or > 1. The augmentation ε : C * (Ω x M ) → R is given by εσ = 1 or 0 according as degσ = 0 or > 0.
Let σ be a smooth simplex of M . Define for each σ
C q (LM )(σ) becomes a noncommutative associative algebra. Let ε(σ) denote the augmentation of C q (LM )(σ), given by n i τ i → n i . Define a filtration of C q (LM )(σ) by
is well-defined, chain map and
Proof. The well-definedness can be verified by the following lemma which can be verified as in proposition 1.5, proposition 4.1.1 [2] , and in proposition 1.5.3 [5] . 
To verify F p C q (LM ) ⊂ kerψ p , it suffices to show (kerε(σ)) p ⊂ kerψ p . Let s denote the section of π, which sends points of M to the constant map. Take
p , where σ ∈ C q (M ) and
Let C * (M, x) denote a set of smooth simplexes of M neighborhood of whose vertices are at x in M . We define
Here (sC * (M, x)) q = C q+1 (M, x) or 0 according as q > 0 or q ≤ 0. Its boundary is given by the sum of the boundary on each complex. Let us construct a chain map Φ : C ⊗ sC ⊗p → F p C * (LM )/F p+1 C * (LM ) considering the following three cases:
where x is regarded as a constant map.
where
Here v 0 , v 1 , v 2 are the vertices of the standard simplex ∆ 2 .
Lemma 5.4. The following diagram commutes:
Proof. For case 2,
i , σ 
Therefore we obtain the lemma.
Proposition 5.2 gives the map
Lemma 5.5. For q = 0, the following map is isomorphic:
Proof. We obtain the following surjection by lemma 5.4.
Composing with the isomorphism
Lemma 5.6. For q = 1, the following map surjective:
Proof. It suffices to show that the following map obtained by lemma 5.4 is surjective.
when deg ω = 1. Then we can verify the surjectivity and obtain the lemma.
Proof of theorem 1.1. Consider the spectral sequences of C(LM )/F p C(LM ) and Hom(F p−1 B(A), A ∨ ) associated with F q C(LM ) and Hom(F q B(A), A ∨ ), respectively. Lemma 5.5 asserts that ψ p is isomorphic on E 1 -level at degree 0:
Lemma 5.6 asserts that ψ p is surjective on E 1 -level at degree 1:
Then there is an isomorphism on E r -level at degree 0 for r ≥ 1. We have
The Goldman bracket
This section is devoted to the proof of the following theorem. 
Goldman showed that the vector space spanned by the free homotopy classes of closed curves on a closed oriented surface has a Lie algebra structure [9] . This work led Chas and Sullivan to the string topology. We would verify that this structure makes lim ← −p Rπ/J p a Lie algebra. On the other hand, we can construct a bracket on H 0 (Hom(B(H * (M )), H * (M ) ∨ )) by the cup product defined in section 3 and the Connes's operator. Here we regard H * (M ) as a differential graded algebra with a trivial differential. Theorem 6.1 asserts that those two Lie algebras are isomorphic.
First we describe a relation between this bracket and the augmentation ideal of the group ring of the surface group to induce a Lie algebra structure on lim ← −p Rπ/J p . Then we construct a bracket on H 0 (Hom(B(A), A ∨ )) and verify the isomorphism of Lie algebras
Finally we verify the isomorphism
The following proposition makes lim ← −p Rπ/J p a Lie algebra.
Proof. We give a proof of (1).
Assume that all curves are immersions and σ i τ j intersect transversally for any i, j. Let {σ i ♯τ j } denote the set of intersection points of σ i and τ j . Also assume that all the intersection points are distinct i.e.
Here γ s,x is a path from s to x along σ i and γ s,y is a path from s to y along τ j . The proof of (2) can be verified in the same way.
Let A be a differential graded subalgebra of ΛM such that H * (A) ∼ = H * (ΛM ) by the inclusion.
Proposition 6.3. There is an isomorphism of vector spaces
Proof. We define P :
This map preserves the filtrations. On E 1 -level, the map
is isomorphic. Therefore we obtain the proposition.
Now we construct a bracket on H 0 (Hom(B(A), A ∨ )). First, we define the Connes's operator B :
Composing these maps and the cup product, we can define a bracket on 
where ι is a generator of Z/pZ. The bracket [ , ] :
where ι and ̺ are generators of Z/pZ and Z/qZ, respectively.
Proposition 6.4. The following diagram commutes for p, q ≥ 1: Figure 1 . Assume that σ i and τ j , a k , or b k , intersect transversally for any i, j, k. Also assume that τ j and a k , or b k , intersect transversally for any j, k.
Assume that all the intersection points are distinct. Then for any i, j, k, we can take each tubular neighborhoods of a i and b i so that it does not include some neighborhoods of intersection points of σ j and τ k . We fix such neighborhoods of intersection points and denote them by U p for each p. We can also take a tubular neighborhood of the diagonal map from M to M ×M outside those neighborhoods of intersection points of σ i and τ j for any i, j i.e.
Here N ∆ denotes the tubular neighborhood of the diagonal map. Thom class Φ of this tubular neighborhood satisfies where ε(p; σ i , τ j ) is the intersecion number of σ i and τ j at p. Define e ♯ : C 0 (LM ) → C 1 (LM ) by e ♯ γ(ξ)(t) = γ(ξ + t). Let ω k , 1 ≤ k ≤ n, be differential forms on M which has its support inside the tubular neighborhoods of a i and b i . Then Proof. F Let γ be the curve from p to p ′ along σ i inside U p . If γ and σ are in the same direction, then
We can also verify the case where γ is in the direction opposite to σ in the same way. is an isomorphism for any p. On E 1 -level, the map induced by f
is an isomorphism because f is quasi-isomorphism. Therefore we obtain the lemma.
